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Introduction 



Abstract. Starting from the classical division polynomials we construct homogeneous polyno- 
mials oc n , f> n , jn such that for P = (x : y : z) on an elliptic curve in Weierstrass form over an 
arbitrary ring we have nP = (a n (P) : /3 n (P) : 7 n (P)). To show that ot n , fi n/ Jn indeed have this 
property we use the a priori existence of such polynomials, which we deduce from the Theorem 
of the Cube. 
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Introduction. The main problem treated in this paper is the following. 

Given an integer n, construct a triple of homogeneous polynomials that defines multiplication by n on 
all Weierstrass curves (i.e. projective plane curves given by a Weierstrass polynomial) over rings. 

The classical division polynomials describe multiples of affine points — these are points of the 
form (a : b : 1) — for all smooth Weierstrass curves over fields. This is a basic result that is 
stated in several books on elliptic curves. An example of a book that treats the theory behind 
this in more detail is @]. This result is not completely satisfactory, as the division polynomials 
are not defined on non-affine points. 

In this paper we construct for all integers n three homogeneous polynomials oc n , f> n , 7 n of 
degree n 1 such that for all Weierstrass curves C over a ring R, and all "nowhere singular" 
points on C of the form P = (x : y : z), we have nP = (a. n (P) : /5„(P) : j n (P)). See the example 
on the next page for 0L2, ^2, 72- 

Overview. In Section 1.1, we define Weierstrass curves over arbitrary schemes, and give some 
properties of them that we will use throughout this paper. In Section 1.2, we describe the con- 
struction of ot n , fin, 7„. In Section 1.3, we state the main theorem. Section 1.2 and 1.3, as well as 
the summary of Section 1.1, should be accessible for anyone with some basic knowledge about 
elliptic curves over fields and commutative algebra. 

In Section 2.1, we consider multiplication by n on smooth Weierstrass curves, by reducing 
to the universal smooth Weierstrass curve and use the Theorem of the Cube to show the existence 
of three homogeneous polynomials of degree n 2 defining multiplication by n on smooth Weier- 
strass curves. We compare these polynomials with oc n , f> n , 7,,, and show that they are the same. 
In Section 2.2, we show that cc n , fi n , 7 n in fact define multiplication by n on all Weierstrass 
curves, using the fact that they do so on the universal smooth Weierstrass curve. 
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Example 0.1 (Doubling formula). Let R be a ring, and let C be the Weierstrass curve over R 
defined by the polynomial 

W = y 2 z + a\xyz + a^yz 2 — r 3 — a z x 2 z — a^xz 2 — flgz 3 ', 

where a\, a^, 03, 04, a 6 £ R. Let P = (x : y : z) be a point on C given in homogeneous coordinates, 
such that (dW/dx)(P), (dW/dy)(P), (dW/dz)(P) generate the unit ideal in R. Then 

2P = (cc z (P) : j6 2 (P) : 72 (P)), 

where 

«2 = 2.T1/ 3 + 3fliX 2 J/ 2 + (flj — 2«2)l/ 3 2 + («j — 3fli«2 + 3«3)xj/ 2 2 + (— 2fl 2 fl2 + 2fl| — 6fl4)x 2 l/2 

+ — 3«2«3 — 3flifl4)l/ 2 2 2 + (fl 2 fl| — fljfl3 — 2flifl2«3 — 4fl 2 «4 — 3fl| + 2«2«4 — 18ci(,)xyz 2 

+ ( — (Jjflj + « 2 fl2"3 + <Z 2fl 3 — 3fll«3 +4«ifl2"4 — 3fl3«4 — 9flifl6)x 2 Z 2 
+ (fl]fl2"3 — "l" 2 — 3«2«3 — flll3fl4 — 3fl 2 flg + 2fl| — 6fl2«6)j/Z 3 

+ ( — fl l fl 2"3 — fll« 2 «4 + 2(J 2 (73«4 — fljflg — 2flj + «2 fl 3 fl 4 + 4fli<l| — 3«ifl2 fl 6 — 9fl3«6)xz 3 
+ ( — ^2^3 + a\a 2 a^ — dia\a^ + ^3^4 — 3«2 fl 3 fl 6 + 3>^\Cl^a^)z^ , 
(62 = I/ 4 + HlXJ/ 3 + (fll«2 — 2fl3)j/ 3 Z + (fl 2 H2 — «2 ~~ 3«i«3 + 3fl4)xi/ 2 Z 

+ ( — 2fli(J 2 + 6fli«4)x 2 1/Z + («?; — fll«2 n 3 + fl l fl 4 — 5(l2«4 + 18fl6)t/ 2 Z 2 

+ (fli«| — 2fl 2 fl2«3 + "i"4 — "2 fl 3 + 3flifl 2 — 6flifl2 fl 4 + 3«304 + 27«iflg)xi/Z 2 

+ (~a\ + 2fljfl2 fl 3 — fl 2 «2"4 + 6(J 2 "4 — 6flifl3«4 + 9fl 2 flg — 9fl|)x 2 Z 2 

+ (fl2 fl 3 — «ll2 fl 3 + fl l fl 6 + 2« 3 — 5«2"3«4 — "l"4 + 3ai«2 fl 6 + 18fl3fl6)l/Z 3 

+ (fl 2 fl2«3 — flf fl3«4 + + 2l2 fl 3 — "l H 3 — fl 2 fl 4 — 2fl 2 fl| + 6fl 2 fl2fl6 — 6fl 2 fl4 + 3(l2"| + 9fl 2 flg — 27fl4«j)xz 3 

+ (flifl2fl 3 — fl 2 fl 2 H4 + fl 3 «3fl6 ~ "3 + «2 fl 3 H 4 — 2flifl3«| — fljflj + 6flifl2 fl 3 fl 6 ~ n 4 ~ 9fl 2 flg + 9fl2«4(l6 — 27(J 2 ,)z 4 , 

72 = 8y 3 z + 12a! ry 2 z + 6fl 2 x 2 i/z + (af + 12a 3 )y 2 z 2 + (a* + 12a 1 fl 3 )xi/z 2 + (-a\a 2 + 3a\a 3 )x 2 z 2 
+ {a\ a 3 + 6a 2 )yz 3 + (-a\a A + 3a 1 a 2 )xz 3 + (-a\a b + fl 3 )z 4 . 
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Definitions, statement of main theorem 



Rings in this paper are always assumed to be commutative, associative, and unital. 

1 Weierstrass curves over schemes 

For now, we will use the language of schemes. For a summary of this section in terms of Weier- 
strass curves over rings, we refer to the end of this section. 

Let S be a scheme. A Weierstrass curve C over S is a closed subscheme of P| defined by a 
homogeneous polynomial of the form 

(1) W = y 2 z + a\xyz + a^yz 2 — x 3 — aj_x 2 z — a^xz 2 — a$z 3 

with fli,fl2/ fl 3/ fl 4/ fl 6 G Cs(S)- The discriminant A G 0$(S) of C is the discriminant of the equa- 
tion CD, see e.g. d, Def. 2.7]. 

We now describe the functor of points of the Weierstrass curve C explicitly. If T is an S- 
scheme, C is aninvertible C^-module, s ,s 1 ,s 2 G £(T), and/ G Os(S)[x,y,z\ homogeneous of 
degree d, then we have a well-defined section /(sq, si, S2) G C® d {T). We say that sq, Si, s 2 gener- 
ate C if (so)*, {s\)x, { s i)x generate C x as an Oj ^-module for all x G T. The following is a special 
case of a well-known result, see e.g. 0- Lem. 01O4|, as the graded Os-algebra 0$[x,y, z]/(W) 
is generated by its degree 1 part. 

Proposition 1.1. Let S be a scheme, and let C be a Weierstrass curve over S defined by W as in (H). 
Then for all S-schemes T, we have 

ri-r\ — \tr \ Convertible Or-module, so, S1/S2 £ C(T) generating £ \ / ^ 

C{T) - I \L, s , Sl , s 2 ) : w(s ^ g ^ =QinC ®3 J I = ■ 

Here, (£, sq, sj, S2) — (Ai, to, t\, tz) if and only if there exists an isomorphism C — > M. of Oj-modides 
mapping s; to f,/or «/Z i G {0, 1,2}. 

If £ = Oj, then we denote the class of (£,s , s 1; S2) by (so : S\ : S2). 

Proposition 1.2. Let S be a scheme, and let C be a Weierstrass curve over S defined by W as in ©. 
Then C is flat, proper, and locally of finite presentation over S, and its geometric fibres are integral curves 
of arithmetic genus 1. 

Proof. Except for flatness, our claim is well-known. We check affine locally on the base that C is 
flat over S. So assume S = Spec R. Then C is covered by the two standard affine open covers in 
which y and z, respectively, are invertible. Since W is monic with respect to x, the corresponding 
R-algebras are free as R-modules, hence flat. We deduce that C is flat over S. □ 

We deduce that C is smooth (of relative dimension 1) if and only if C is smooth on all geo- 
metric fibres, i.e. A 7^ in all geometric points of S (see e.g. J3, Prop. 2.25]). This holds if and 
only if A G O s (S) x . 
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In general, let C sm be the smooth locus of C over S. Then we have the following description 
of the functor of points of C sm . 

Proposition 1.3. Let S be a scheme, and let C be a Weierstrass curve over S defined by W as in (2). 
Then for all S-schemes T, the set C sm (T) is the subset ofC(T) consisting of the classes of the ^-tuples 
(£, so, si, S2) such that the sections 

(aw/ax)(so,s 1 ,s2),(aw/8y)(so,s 1 ,s 2 ),(aw/ax)(so,s 1 ,s 2 ) e £® 2 (r) 

generate L® 1 . 

Proof. We denote the structure morphism of C by /. Note that for all x £ C, we have that 
C is smooth in x if and only if Cjr^ is smooth in x, using Proposition 11.21 The polynomials 
dW /dx,dW fdy,dW /dz define the singular locus on every fibre, so C sm is the open subscheme 
of C that is the complement of the common zero locus of these polynomials. □ 

By H Prop. 11.2.7], we have the following. 

Theorem 1.4. Let S be a scheme, and let C be a smooth Weierstrass curve over S. Then there exists a 
unique commutative group scheme structure on C with zero section (0:1:0) G C(S). 

In general, note that (0 : 1 : 0) £ C sm (S), since (dW/dz)(0, 1,0) = 1 generates O s . To show 
that every Weierstrass curve C over a scheme S admits a commutative group scheme structure 
on C sm with zero section (0 : 1 : 0) £ C sm (S), we first consider the universal Weierstrass curve. 

Let A = Z[fli,fl2/ a 3/ fl 4/ a 6]- Then the universal Weierstrass curve C is the Weierstrass curve 
over A defined by 

W = y 2 z + a\xyz + a^yz 1 — x 3 — a^x 1 z — a^xz 1 — agz 3 £ A\x,y,z\. 
It is universal in the following sense. 

Proposition 1.5. Let S be a scheme, and let C be a Weierstrass curve over S defined by W as in (TT|). 
Then there exist unique morphisms g: C — > C and h: S — > Spec^l such the following diagram is 
commutative, and such that the outer square is Cartesian. 

C ► P| ► S 

8 h U h 

4- 

C > F 2 A ► Spec^l 

Proof. It suffices to show this in the case that S is affine; the general case follows from it by 
gluing. 

So suppose that S = Spec A, and let <p denote the morphism S — > Spec A given by the ring 
morphism A — > A sending every «; to the corresponding coefficient of W. Then C = C x^S 
(via <p), so (4>c,4>) is a pair satisfying the required properties. 

Suppose that (g,h) is a pair of morphisms satisfying the required properties. Then note 
that C — > is a closed immersion, hence a monomorphism, so it follows that g is the unique 
morphism making the diagram commute. Moreover, /j F 2 induces a map from C to C if and only 

if the induced map P 2 (3)(P^) — > C P 2 (3)(P^) (which is the map A[x,y,z]$ — > A[x,y,z}^ 
induced by the ring morphism A — > A) sends W to W, in other words, if and only if h = (p. □ 

We now have the following corollary of Theorem ll.4l 

Corollary 1.6. There exists a unique commutative group scheme structure on C sm with zero section 
(0:1:0) £C sm (S). 
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Proof. First note that by Proposition [L2] and 121, Prop. II.2.7], C sm admits a group scheme struc- 
ture with zero section (0 : 1 : 0) 6 C sm (A). We show that it must be unique. 

Note that C sm x ^ C sm is smooth over A, with irreducible fibres, and that A is integral. Hence 
(for example by combining |@, Lem. I004ZI and fl, Prop. 17.5.7]) C sm C sm is an integral 
scheme. Also note that C sm is separated over A. 

Now consider 1Z = 1\a\, a 2 , a 3 , a.\, a^,l I A]. Then Spec R is an open subscheme of Spec A. 
Let £ = C x _4 Spec 1Z, and note that it is a non-empty open subscheme of C sm . As £ is a smooth 
Weierstrass curve, £ admits a unique group scheme structure with zero section (0 : 1 : 0) 6 
£(1Z). Hence the group scheme structure on C sm extends that of £ , so by the above this must be 
the unique extension of the group scheme structure of £ to C sm . □ 

By universality of C, this gives a natural commutative group scheme structure on every 
Weierstrass curve. 

We now summarise in terms of Weierstrass curves over rings. 

Summary. Let R be a ring. A Weierstrass curve C over R is a closed subscheme of defined by 
a homogeneous polynomial of the form ((TJ with fli,fl2/ fl 3/ fl 4/ fl 6 £ R. The discriminant A 6 R of 
C is the discriminant of the equation ((TJ, see e.g. 0. Def. 2.7]. The Weierstrass curve C is smooth 
if and only if A 6 R x . 

We have an explicit description of the set C(R) of R-valued points of C as follows. If M is 
an invertible R-module, mo, mi,m 2 G M, and / G R[x, y, z] homogeneous of degree d, then we 

have/(s ,si,s 2 ) G M® A '. Then 

WrA (",,, . M invertible R-module, mo, mi, m 2 G M 1 / 

C(R) = | (M, m , m Xt m 2 ) : ^ + ^ + = ^ ^ ^ = Q ^ M ^ | / =, 

where (M, mo, mi, m 2 ) = (N, no, «i, n 2 ) if an d only if there exists an isomorphism M — >• N of R- 
modules mapping m,- to n ( - for all i G {1, 2, 3}. If M = R, the class of (M, mo, mi, m 2 ) is denoted 
(mo : mi : m 2 ). 

As an example, if R is a field (or more generally, any ring with trivial Picard group), then 

C(R) = {{x,y,z) G R 3 : W(x,y,z) = 0}/R x . 

In general, let C sm be the open subscheme of C that is the complement of the common zero 
locus of dW/dx, dW/dy, dW/dx. Then C sm (R) is the subset of C(R) consisting of the classes of 
the 4-tuples (M, m , mi, m 2 ) such that 

R(dW/dx) (m , mi, m 2 ) + R(dW/dy) (m , mi, m 2 ) + R{dW/dz) (m , m l7 m 2 ) = M® 2 . 

The set C sm (R) contains the point (0 : 1 : 0) G C(R), and has a natural structure of an abelian 
group with (0 : 1 : 0) as neutral element. 

2 Division polynomials and construction of tx n , f5 n , y n 

Let us recall the definition of division polynomials. The main reference for this is 0,Ch. 3]. For 
this purpose, we consider a special (but yet also generic!) smooth Weierstrass curve. 

Let K be the algebraic closure of the field of fractions of the ring A = Z[ai, fl 2 , «3, «4, . Let 
£ be the elliptic curve over K defined by the homogeneous Weierstrass polynomial 

W = y 2 z + a\xyz + a$yz 2 — x 3 — a 2 xz 2 — «4X 2 z — . 

Further, let X, Y denote the rational functions x/z and y/z, respectively. Then the function field 
K(E) of E is the field of fractions of K[X, Y] / (W), where 

W = Y 2 + fliXY + a 3 Y - X 3 - a 2 X 2 - a 4 X - a b 
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is the affine Weierstrass polynomial. We have a leading coefficient map A: K(E) — — > X — 0, 
given by / i— > ((X/Y)~ ord °^/) (0), where ordg/ denotes the order of / at the point at infinity of 
E. This is well-defined as X/Y has a simple zero at 0. 

Then we can define the division polynomials as follows. 

Definition 1.7. Let neZ - {0}. The n-th division polynomial Y„ is the unique rational function 
/ in K(E) with divisor Ep 6 e[„]_o {P) ~ ( n2 ~ 1) W an d leading coefficient n. Moreover, we 
define Y to be 0. 

These division polynomials exist, as the degree of the divisors defining them is 0, and for all 
H6Z-0, we have YLpeE[n] P = 0- 

Remark 1.8. The division polynomials satisfy the following relation for all m, n £ Z (see 0, 
Prop. 3.53]) 

Yu w w w2 u u w2 

m+n T m-n — T m+l T m-l T n T n+l T u-l T m- 

Using Yi, Y2, Y3, and Y4, and the recurrence relation above, one can recursively compute the 
other division polynomials. 

Furthermore, define the following rational functions. 



<5„ - XY 2 n - Y„_iY n+1 n„ - I ^_ ^ _ Y 2 (fli0n + flsY 2)) otherwise 

We list some facts in the next proposition. 

Proposition 1.9 (|3> Sect. 3.6], 1 1, Prop. 1.7.7]). Let neZ. Then the following are true. 

• Y„,<I> n ,n„ eA[X,Y\/(W) 

• ao„ = An„ = 1 

• ordoOu = — In 2 , ordoO,, = —'in 1 

Now we can state the basic result mentioned in the introduction more precisely, in the case 
of our special smooth Weierstrass curve E/K. 

Proposition 1.10 (0- Prop. 3.55]). Let P — (x : y : 1) £ E(K) be a rational point, and let n E Z. 
Then 

nP = (Y n (x,y)<t> n (x r y) : Cl n {x,y) : Y^y)). 

We want to obtain a version of this result that works for all rational points, including the 
point at infinity. We will do this by choosing representatives in *4[X, Y] of the elements Y„<I> n , 
fi„, Y^ of A[X, Y]/(W) and then homogenising them. 

However, one has to be careful with the choice of representatives. As an example of this, 
the usual representatives chosen for the Y„ have Y-degree at most 1, which is convenient for 
calculations. But this also causes homogenisations to be divisible by high powers of z for large 
n, as the leading term with respect to y in the homogeneous Weierstrass equation W is y 2 z. This 
causes problems at the point at infinity for \n\ > 2. 

Note that W is monic with respect to x, which motivates the following definition. Recall that 
X = x/z and Y = y/z. 

Definition 1.11. Let A n , B n , C„ E A[X, Y] be the unique representatives of Y„<I>„, Cl n , Y^, with 

222 
X-de gree at most 2, and define the polynomials cc n — A n z n , f>n — B n z n , ^y n — C^z n in 

A[x, y, z,z~ x \. 



1 if n = 



Uniqueness of A„, B n , C„ is guaranteed by the fact that W' is monic in X. 
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Proposition 1.12. Let neZ, Then a n ,fin,7n G A[x,y,z] and are homogeneous of degree n 2 . More- 
over, « n ,7„ G (x,z) and f}„ G y" + (x,z). 

Proof. To show that oc n ,fi n ,j n G A[x,y,z], it suffices to show that the polynomials A n , B n , C n 
have total degree at most n 2 . Note that the monomials with X-degree at most 2 all have distinct 
orders at infinity. As A n , B n , C n have orders — 3n 2 + 1, — 3n 2 , —3n 2 + 3 at infinity respectively 
and as they have X-degree at most 2, it follows that they have total degree at most n 2 . (Here, 
we use that X and Y have poles of orders 2 and 3 at the point at infinity respectively.) 

Now oc n , fttirfn are by construction homogeneous of degree n , and as Y is the unique 
monomial with order — 3n 2 , the result follows. □ 

For our special smooth Weierstrass curve E, the problem at the point at infinity is now solved. 

Proposition 1.13. Let neZ, and let P = (x : y : z) G E(K). Then 

nP=(cc n (P):Pn(P)--7n{P))- 

Proof. As ot n , p> n , 7„ were obtained from Y w O„, Ci. n , Y^ by homogenisation, the result follows 
from Proposition II . 101 for P of the form (x : y : 1). For P = (0 : 1 : 0), the claim follows from 
Proposition [112] □ 

3 Statement of the main theorem 

Let R be a ring. Given W in R[x,y,z] of the form ((TJ, there is an obvious ring morphism A — > R 
which maps fl; G A to the corresponding coefficient of W in R. We will view R as an ^l-algebra 
via this morphism. 

Theorem 1.14. Let Rbe a ring, and let C be a Weierstrass curve over R defined by W as in (TJ}. Let 

P = [(M,mo,m 1 ,m 2 )} G C sm {R). Then 

(M®" 2 , ol„ (mo, m, mi), p„(m , m 1 , m 2 ), j n (mo, m i, m 2 )) 



In Section 2, we will state and prove the scheme-theoretic equivalent of this theorem. 
If M = R, then M®" 2 = I?, so if a point P is of the form (x : y : z), then nP is also of this form, 
namely, 

nP = (a n (x,y,z) : fi n (x,y,z) : j n (x,y,z)) 
However, even for a smooth Weierstrass curve C, the subset of R-valued points of the form 
(x :y : z) need not be closed under addition, as we will see in Example ll.161 

As oi n , f> n , 7„ were obtained from <J> n Y w , Cl n , by homogenisation, we then have the fol- 
lowing immediate consequence of Theorem ll.141 

Corollary 1.15. Let neZ, and let Cbea Weierstrass curve over a ring R. Then for all P G C sm (i?) of 
the form (x : y : 1), we have 

nP = (® n (x,y)Y n (x,y) : Cl n (x,y) : Y 3 n (x,y)). 

Example 1.16. We give an example of a Weierstrass curve C over a ring R and two i?-valued 
points P, Q G C(R) of the form (x : y : z) such that its sum P + Q G C(R) is not of the form 
(x : y : z). Let R = 1,\yf—5\, let X = Q(\/— 5), and consider the smooth Weierstrass curve C 
over R given by 

W = y 2 z + xyz + yz 2 - x 3 - Axz 2 + 6z 3 , 

and the two points 

P = (9 : 23 : 1) Q = (3411V^5 : 26488 + 117V^5 : -3645\/ z 5) 



in C(K). Note that P and Q define points of the form (x : y : z) in C(R) as well, as the R- 
submodule of K generated by their coordinates are trivial, but that the R-submodule of K gen- 
erated by the coordinates of 

P + Q= (61028487+ 104922279 V^5 : 120011054 - 171672039v /Z 5 : -127263527) £ C(K) 

is invertible, but not trivial, so P + Q is not of the form (x : y : z) in C(R). 
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Proof of the main theorem 



Here is the scheme-theoretic equivalent of Theorem ll.141 

Theorem 2.1. Let S be a scheme, and let Cbe a Weierstrass curve over S defined by W as in {I). Let T 
bean S-scheme, and let P = [(£,s ,s 1 ,s 2 )] E C sm (T). Then 



nP 



[C®" 2 , a„ (s , si, s 2 ), f>n (so, si, s 2 ), 7„ (s , si, s 2 )) 



We will first prove this for smooth Weierstrass curves, and we will do this by first using the 
Theorem of the Cube, by considering a universal point on a universal smooth Weierstrass curve. 

1 The universal smooth Weierstrass curve and the proof in the smooth case 

Definition 2.2. The universal smooth Weierstrass curve £ is the Weierstrass curve over Spec 1Z 
(where 1Z = Z[fli,a 2 ,fl3,fl4,fl6,l/A]) defined by the homogeneous polynomial 

W = y 2 z + a\xyz + a^yz 1 — x 5 — a 2 x 2 z — a^xz 2 — czgz 3 6 1Z[x,y,z\. 

The universal point V on £ is the point in £ (£ ) corresponding to the identity map on £ . 

Note here that V = [(Of (l),X,y,z)l, and that it is universal in the sense that any morphism 
S — » £ of "/^.-schemes factors through the identity on £ . Moreover, £ is universal in the following 
sense. 

Proposition 2.3. Let E be a smooth Weierstrass curve over S. Then there exist unique morphisms 
g: E — > £ and h: S — > SpecR such the following diagram is commutative, and such that the outer 
square is Cartesian. 

E > P 2 > S 



4' 



h 

£ > > Specft 

Proof. Mimic the proof of Proposition ll.5l □ 

We want to consider the multiples of V . Note that for n E Z, the point nP is the point 
corresponding to the multiplication-by-tt map u n on £ . The following is a special case of the 
Theorem of the Cube. 

Theorem 2.4 ([6, Thm. IV.3.3]). Let n\,ni,n?, E Z. Then there is a canonical isomorphism of Og- 
modules 

<g) F * Liein p £ (i)^' = o £ . 

IC{1,2,3} 

Proposition 2.5. Let n E Z. Then ^O s (l) = £ (n 2 ). 

9 



Proof. As £ is a smooth Weierstrass curve, we have £ (1) = / _3 (0); the identity on £ can be 
given by [(0 £ (l),x,y,z)], as well as [(/~ 3 (0),X, Y, l)], where the latter is in the notation of [5, 
Sect. 2.2]. As y_\ fixes the zero section, we deduce that ]i*_^D £ (1) = £ (1). Hence it suffices to 
show that for all positive n £ Z, we have y*0 £ (l) = £ (n 2 ). 

For n = 2, we apply Corollary IZil with n\ — n 2 = I, n 3 = -1 to see that u\0 £ (\) = Of (4). 
For n > 2, our claim follows by induction, by applying Corollary 12.41 with n\ = n — 2, and 

n i — n 3 — i- n 

As a consequence, we have the following important observation. 

Corollary 2.6. Let n £ Z. TTien f/zere ex/sf homogeneous elements a' n , j5' n , j' n in 7Z[x,y,z]/ (W) of 
decree n 2 such that 

[{O £ {n 2 ),oc' n ,^' n )] e£(£) 
is the point corresponding to u„. These elements are unique up to a common unit in TZ. 

Proof. We simply note that the global sections of £ (n 2 ) are the homogeneous elements of de- 
gree n 2 in K[x,y,z]/(W), and that Aut 0f (0 £ {n 2 )) = £ {£) y = TZ X . □ 

Translating this observation in terms of the functor of points of £ using the universality of V 
then gives the following. 

Corollary 2.7. Let n 6 Z. Let T be a scheme over 1Z, and let P = [{C,sq,s\,S2)\ 6 £{T). Then we 
have 

nP = [(C 0n ,a; i (so,s 1 ,S2),^ / „(so,si,S2),7^(so,s 1 ,s 2 ))]. 

Finally, using the universality of £ , we obtain the following. 

Corollary 2.8. Let neZ, Let Shea scheme, and let Ebea smooth Weierstrass curve over S defined by 
Wasinfi]}. Let T be an S-scheme, and let P = [(£,So,Si,S2)] £ E(T). Then we have 

nP = [ (£®" 2 , a' n (s , s\,s 2 ), f> n (s , s lr s 2 ),j'„ (s , s X; s 2 ))] . 

We now finish the proof of Theorem 12. II in the smooth case. 

Proof of Theorem IZH (smooth case). We will now show that up to a common unit in TZ, the triples 
(ttn/Pn/ln) an d ("4'J^n'7n) are equal. First observe that we have fS$, fi' G 1Z x ,a.' = = olq, and 
7q = = 7o- Hence we may assume that n / 0. 

Consider the smooth Weierstrass curve E over K as defined in Section 1|2] Note that it now 
suffices to show that oc n / a' n = f> n / f>' n = Jn/j'n as rational functions in K(E), and that this is a 
unit in TZ, i.e. of the form ±A' for some integer i. 

Observe that for all P = (x : y : 1) £ E(K) — 0, we have, by Proposition 11.101 and Corol- 
lary EE 

«(P) : #,(P) : 7 ' n (P)) =nP= (<D B (P)Y»(P) : Q„(P) : Y 3 „(P)) 

First note that by definition, a,,/ y„ = <&„ /~¥ 2 and fi„ / j„ = Q„/Y 3 . Hence oc n /jn = oc^/j^ and 
fin I In = fin 1 7 n , as rational functions in K(E) . As u„ is surjective, it follows that im \i n is infinite, 
hence none of ct' n , ft n , j' n are identically zero. So & n /a' n = /5„//5' w = Jn/j'n m K(E). (These 
are actually rational functions, as both the numerators and denominators are homogeneous of 
degree n 2 .) 

Let 6 n = f}„ /f}' n . Then we need to prove that 6 n is in fact a unit in TZ. 

First note that for all P £ E(K), we have «(P),^'„( p )/7n( p )) 7^ (0,0,0). Hence 6„ has no 
poles on E. It follows that 6 n has no zeroes on E either, hence 8 n is constant, i.e. 6 n £ K x . 

As the homogeneous Weierstrass polynomial W is monic in x, it follows that TZ [x, y, z] / (W) n 2 
is a free 7£-module, with a basis consisting of monomials. Since 8„ is by definition a quotient of 
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two elements of lZ[x,y, z]/ (W)„2, which is moreover a constant, it follows that 6 n is in the field 
of fractions of TZ. 

Now observe that TZ is a unique factorisation domain. Hence we can write 6 n = f / g with 
f,g £ TZ in such a way that f and g have no common factors. Thenffi' n = gp n inTZ[x,y,z]/ (W). 
Thus g divides all coefficients of f> n . Now note that for the point P = (0 : 1 : 0), we have 
«(P) : j8' n (P) : 7|,(P)) = (0:1:0), hence the y" 2 -coefficient of 0'„ is a unit. Therefore, g is a 
unit as well, which implies that 8„ £ 7£. 

Finally, note that 8„ divides all coefficients of /3„. But because AD. n = 1 and ordgfi,, = — 3n 2 , 

2 

the coefficient of y" in /3„ must also be 1, as j6„ is the homogenisation of a representative of Cl n . 
Hence 6„ &TZ y , which finishes the proof. □ 

2 The universal Weierstrass curve and the proof in the general case 

As in the case of smooth Weierstrass curves, there exists a universal Weierstrass curve C (as de- 
fined in Section 1[T]| and a universal point V = \[Ocsm{\) ,x,y ,z)] £ C sm (C sm ), corresponding 
to the identity map on C sm . Moreover, the universal smooth Weierstrass curve £ is the comple- 
ment of the closed subscheme of C sm defined by the elliptic discriminant A. 

Proposition 2.9. Let n £ Z. Then we have, in C sm (C sm ), 

nV = [(C C sm(n 2 ),a„,^„,7„)]. 

Proof. Write nV = [(£,s ,si,s 2 )] £ C sm (C sm ). By Proposition E3 and Corollary HH we have 
£| f = (9csm(n 2 )|£. Note that C sm is noetherian integral separated regular, therefore the Weil 
divisor class group is naturally isomorphic to the Picard group. 

Note moreover that A is irreducible and that divA = V(A), so V(A) is a principal prime 
divisor. As E = C sm — V( A), it follows that the natural map Pic C sm — > Pic E is an isomorphism. 
Hence L = 0csm(n 2 ), so we assume without loss of generality that C = Ocs™(n 2 ). 

Next, we note that by the smooth case of Theorem I2.ll we have 

u ■ ( s o\s, s i\£,s2\e) = Me,^n\e,7n\e) 
for a unique unit u of TZ = As £ is dense inC sm , we deduce that u ■ (sq, Si,S2) = (oc„, fi n ,7n)- 
Note that the units of TZ are ±A ! with i £ Z. If we pull back both triples via the zero section 
(i.e. we evaluate all of the sections at (0 : 1 : 0)), we see that both usq (0,1,0) and 11S2 (0,1,0) 
are zero, and us\ (0, 1, 0) = 1, as global sections of O i.e. elements of A. Hence we have 
sq(0, 1,0) = S2(0, 1,0) = 0, so as so,sj,S2 generate £, we deduce that si(0, 1,0) is a unit in A. So 
u is a unit in A as well, i.e. equal to 1 or —1. □ 

Theorem 12.11 follows from this by the universality of C and V . Moreover, as the polynomials 
&n, $n, 7n were defined as homogenisations of <l> n Y n , Cl n , Y^, it immediately follows that we 
have the following scheme-theoretic equivalent of Corollary II. 151 

Corollary 2.10. Let n £ Z. Let Shea scheme, and let Cbea Weierstrass curve over S defined by W as in 
0. Let T be an S-scheme, and let P £ C(T) be of the form (x : y : 1), such that a\y — 3x 2 — 2a2X — a^, 
2y + a\x + «3 generate O7. Then we have 

nP = (® n (x,y)Y n {x,y) : Cl n {x,y) : Y 3 n (x,y)). 
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